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Abstract 
A Steiner triple system admitting an automorphism whose disjoint cyclic decomposition consists of 
two cycles is said to be bicyclic. Necessary and sufficient conditions are given for the existence 
of bicyclic Steiner triple systems. 
1. Introduction 
A Steiner triple system of order u, denoted STS or STS(v), is a u-element set X of 
points, together with a set /?, of unordered triples of elements of X, called blocks, such 
that any two points of X are together in exactly one block of /?. It is well known that 
a STS(u) exists if and only if UZE 1 or 3 (mod 6). An automorphism of a STS is 
a permutation n of X which fixes /?. A permutation x of a u-element set is said to be of 
WeC~l=Cpl,k,..., pu] if the disjoint cyclic decomposition of n contains pi cycles of 
length i. The orbit of a block under an automorphism, 71, is the image of the block 
under the powers of z. A set of blocks B is said to be a set of base blocks for a STS 
under the permutation K if the orbits of the blocks of B produce the STS and exactly 
one block of B occurs in each orbit. 
Several types of automorphisms have been explored in connection with the ques- 
tion ‘for which orders u does there exist a STS(u) admitting an automorphism of the 
given type? A cyclic STS(u) is one admitting an automorphism of type [0, 0, .,. , l] 
and exists if and only if u = 1 or 3 (mod 6) and u # 9 [S, 6,7, lo]. A reuerse STS(u) admits 
an automorphism of type [l, (u- 1)/2, 0, . . . , 01. Reverse STS(u)s exist if and only if 
u = 1,3,9, or 19 (mod 24) [3,9,11,12]. A k-rotational STS(u) admits an automorphism 
of type [l, 0, 0, . . . , 0, k, 0, . . . , 01. k-rotational STSs have been addressed for 
k = 1,2,3,4, and 6 [2,8]. 
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In this paper, we explore STS(o)s admitting an automorphism of type [rt] = 
[O,O,*..,O, PNI, %...,o, PNZ, 0,a.e, 0] where PN, =pN, = 1, N1 <N, and N, +Nz = o. 
That is, the disjoint cyclic decomposition of rt consists of one cycle of length N1 
and another (larger) cycle of length Nz. We call such systems bicyclic Steiner triple 
systems. 
2. Previous results and necessary conditions 
A bicyclic STS(u) with the smaller cycle of length 1 is also a l-rotational STS(u) and 
exists if and only if u - 3 or 9 (mod 24) [S]. So, henceforth, we will assume N1 > 1. If 
N1 = 3, then a bicyclic STS(u) admitting an automorphism of type [0, 0, 1, 0, . . . ,O, LO, 
0, 0] exists if and only if u= 3 (mod 6) [l]. If N1 = 7, then a bicyclic STS(u) admitting 
the relevant type of automorphism exists if and only if u-21 (mod 42) [4]. Some 
necessary conditions, in particular the following lemmas, for the existence of bicyclic 
STS(u)s were given in [4]. 
Lemma 2.1. A bicyclic STS(u) admitting the aboue automorphism rc satisjes the 
condition N1 = 1 or 3 (mod 6), N1 #9, and N1 ( N2. 
Lemma 2.2. A bicyclic STS(u) admitting the above automorphism n with N1 = 1 (mod 6) 
s&sJes the condition, Nz ~2 (mod 6). Zf N1 = 3 (mod 6) then N2 ~0 (mod 6) is 
necessary. 
We will show that these necessary conditions are sufficient for N1 > 1. 
In our constructions, we will require the use of two structures. An (A, n)-system is 
a collection of ordered pairs (a,, b,) for r = 1,2 ,..., nthatpartitiontheset{1,2 ,..., 2n) 
with the property that b, = a, + r for r = 1,2 , . . . , n. An (A, n)-system exists if and only if 
n=O or 1 (mod4) [lo]. A (B,n)-system is a collection of ordered pairs (a,, b,) for 
r= 1,2 , . . . , n that partition the set {1,2, . . . ,2n- 1,2n + l} with the property that 
b,=al+r for r= 1,2, . . . , n. These systems exist if and only if n = 2 or 3 (mod 4) [6]. 
3. Constructions and sufficient conditions 
In this section, we present several constructions to show that the necessary condi- 
tions of Lemmas 2.1 and 2.2 are sufficient. We will construct bicyclic STS(u)s on the set 
x=zN, x { l)u.& x (2) with the automorphism being 7c=(01, l , . . . ,(N,- lh) 
(O,,lz, ... ,(N2 - 1)2). Since N1 1 N2, we will let N2 = kN, and express base blocks in 
terms of k and N1 . 
Lemma 3.1. A bicyclic STS(u) on the set X admitting the automorphism z exists if: 
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N1 z 1 (mod 24) and k G 2 (mod 24), or 
N1 = 1 (mod 24) and k-8 (mod 24), or 
N1 E 13 (mod 24) and k E 14 (mod 24), or 
N1 E 13 (mod 24) and k z 20 (mod 24). 
Proof. Under any one of these conditions, 
Nz Nr-1 
3M=?- --1~0 or 3(mod 12) 
2 
and ME 0 or 1 (mod 4). Consider the following collection of blocks: 
(OI,(?+~)~, ((2k+1,,P5-r)z) for r=O,l,...,y, 
(o~,(T+r)~, ((2k+3y1-7-r)J for r=O,l,...,y, 
and (O,,r,,(b,+M),) for r=l, 2 ,..., M, where the a, and b, are from an 
(A,M)-system. 
This collection of blocks along with the base blocks for a cyclic STS(N, ) on 
ZN1 x { l> under the automorphism (Or, l,, . . . , (N, - 1)1) form a complete set of base 
blocks for a bicyclic STS(v) with u= Nr + Nz. 0 
Lemma 3.2. A bicyclic STS(u) on the set X admitting the automorphism 71 exists if: 
N1 z 7 (mod 24) and k = 2 (mod 24), or 
N1 E 7 (mod 24) and k E 8 (mod 24), or 
N, = 19 (mod 24) and k- 14 (mod 24), or 
N1 = 19 (mod 24) and k = 20 (mod 24). 
Proof. Under any one of these conditions, 
Nz N,-1 
3M=T- --1~0 or 3(mod 12) 
2 
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and ME 0 or 1 (mod 4). Consider the following collection of blocks: 
(o~,(y+r)~, ((2’+1~1-7-r)z) for r=O,l,...,y, 
(O~,(v+r)~, ((2k+3r1-5-r)z) for r=O,l,...,y, 
(OI,(qqz, ((2k+l,,-3)J, 
and (O,,r,,(b,+M),) for r=l,2 ,..., M, where the a, and b, are from an (A,M)- 
system. 
This collection of blocks along with the base blocks for a cyclic STS(N1) on 
ZN, x { 1 > under the automorphism (0,) 1 1 , . . . , (IV, - lh) form a complete set of base 
blocks for a bicyclic STS(u) with u= N1 +N2. 0 
Lemma 3.3. A bicyciic STS(u) on the set X admitting the automorphism z exists if: 
N1 = 1 (mod 24) and k= 14 (mod 24), or 
N1 = 1 (mod 24) and kE20 (mod 24), or 
N1 = 13 (mod 24) and k-2 (mod 24), or 
N1 E 13 (mod 24) and k = 8 (mod 24). 
Proof. Under any one of these conditions, 
N2 N1-1 
3M=?- 2 --110 or 3(mod 12) 
and M - 2 or 3 (mod 4). Consider the following collection of blocks: 
(O~,(y+r)~. ((2k+1~1-5-r)z) for r=O,l,..., y, 
(O~,(v+r)~, ((2k+3r1-7-r)z) for r=O,l,...,y, 
(OI,(ql)z, (F-l)J, (01,(~)~,((‘“‘)-3)*) 
and(0,,r,,(b,+M)2)forr-l,2 ,..., M, where the a, and b, are from a (B,M)-system. 
This collection of blocks along with the base blocks for a cyclic STS(Nr ) on 
ZN, x { 1 } under the automorphism (0,) 1 1, . . . , (N, - lh) form a complete set of base 
blocks for a bicyclic STS(o) with u= Nr + N1. 0 
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Lemma 3.4. A bicyclic STS(v) on the set X admitting the automorphism IT exists is: 
N1 = 7 (mod 24) and k = 14 (mod 24), or 
N1 = 7 (mod 24) and k = 20 (mod 24), or 
N1 E 19 (mod 24) and k 3 2 (mod 24), or 
N1 = 19 (mod 24) and k= 8 (mod 24). 
Proof. Under any one of these conditions, 
N2 N1-1 
3M=T- 2 --1~0 or 3(mod 12) 
and ME 2 or 3 (mod 4). Consider the following collection of blocks: 
(Ol,(F+r),, (‘2k+‘~1-7-r)z) for r=O,l,...,y, 
(o19(y)2, ( (2k+ly)2), (ol,(~)2,(yLl)2) 
and(02,r2,(b,+M)z)forr=1,2 ,..., M, where the a, and b, are from a (B,M)-system. 
This collection of blocks along with the base blocks for a cyclic STS(N1) on 
ZN, x {i} under the automorphism (O,, l,, .., , (IV, - 1)1) form a complete set of base 
blocks for a bicyclic STS(v) with v= N1 + NZ. 0 
Lemmas 3.1-3.4 combine to give us the following theorem. 
Theorem 3.5. A bicyclic STS(u) where v = N, + N2 and Nt = kN1 admitting an automor- 
phism whose disjoint cyclic decomposition is a cycle of length N, and a cycle of length N2 
exists if N1 3 1 (mod 6), N1 > 1, and k E 2 (mod 6). 
We now turn our attention to the case when N1 - 3 (mod 6). 
Lemma 3.6. A bicyclic STS(u) on the set X admitting the automorphism 7c exists if 
N1 ~3 (mod 12), N1 >3, and k=O (mod 12). 
Proof. Consider the following collection of base blocks: 
kN1 -24 
6 -2,); (y-r)2) for r=0,1,...,kN;i36, 
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for N,-9 
r=6, 
- N1-3 kN, -24 
6 9 
... 
9 12 ’ 
N1-21 
for r=O, 1, . . ..- 
6 
(omit if N1 = 15), 
(“I,(‘“;~“3-r)2, (‘4k+5~~1-39+r)2) for r=O,l,...,v 
(omit if N1 = 15), 
(OI,(7N~l,7+r)z, (‘6k+7!~1e69-r)2) for r=O,l,...,v, 
(OI,(3N’q29-r)2, ((4k+9iy1-51+r)2) for r=O,l,...,v 
(omit if N1 = 15), 
llN1-57 (6k+ ll)N1 -81 N1 -27 
12 +r 
)( 
2’ 12 --r 
)) 
for r=O, 1, 
2 
...,2 
(omit if N1 = 15), 
(4k+ ll)N1 -69 ) )&(N1-5)2, ( (k + 6)N1 - 36 
12 6 
)) 
> 
2 2 
01,W1-1)2, 
( 
‘k+6’~1-18)2),(o,,(N~-4~~,(‘k+6’~1-12)2), 
and (,I(5N1~33)2,((3k’5~1e33)2). 
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This collection of blocks along with the base blocks for a cyclic STS(N1 ) on Zlv, x { 1 } 
under the automorphism (0,) 1 1, . . . , (N, - 1)r) form a complete set of base blocks for 
a bicyclic STS(u) with u = N1 + Nz. 0 
Lemma 3.7. A bicyclic STS(u) on the set X admitting the automorphism TC exists if 
N1 ~3 (mod 12), N1 > 3, and k-6 (mod 12). 
Proof. Consider the following collection of base blocks: 
(omit if N1 = 15), 
(Or,( 3N1q13+r)2, ((2k+3,,-17-~)2) for r=O, l,...,?, 
llN,-69 
12 -r 2’ )( 
(4k+11)kN,-33+r 
12 H 2 
for r=O, 1 ,...,y (omit if N1=15), 
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This collection of blocks along with the base blocks for a cyclic STS(N1) on ZN, x { 1 ] 
under the automorphism (0,) 1 1, . . . , (N, - 1)1) form a complete set of base blocks for 
a bicyclic STS(v) with u = N1 + Nz. 0 
Lemma 3.8. A bicyclic STS(v) on the set X admitting the automorphism IT exists if 
N1=9(mod 12), N,>9, and k=O(mod 12). 
Proof. Consider the following collection of base blocks: 
(0,,(kN’6+18+r)z, (y-r)*) for r=O, l,...,kN;236, 
N1-9 N,-3 N1 -24 
forr=-- ~ 
6 ’ 6 ‘...’ 12 ’ 
(01,(‘“;5”-r),, (‘4k+5~,,P33+r)z) for r=O,l,...,v, 
(o~,(,,‘;‘*-r); (‘“+‘y-7+r)z) for r=O,l,...,y, 
( ( 
llNI-87 
;! )( 
)( 
(4k+ ll)N1-51 
)) 
N1-21 
1, 12 -r 2’ 
for r=O, 1, . . . . 12, 
3Nl - 23 
1, ___ 
4 2’ 
~2k+5~~-~~,.).c:;~l~l5)~(~3k+2~~-1*)~), 
“( )( 
0 
llNl-63 
19 12 2’ 
‘2k+1::N,75)*),(0”~Nl-l~~,~+6’~-18)~), 
(o,,(N,-4L ( (k+6’~e12)2), and (Ol.(Nl-5)~,(‘k+2’~-10)~). 
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This collection of blocks along with the base blocks for a cyclic STS(Nr) on ZN, x { 1 } 
under the automorphism (Or, 1 r, . . . , (N, - 1)1) form a complete set of base blocks for 
a bicyclic STS(u) with ZI= N, + Nz. 0 
Lemma 3.9. A bicyclic STS(v) on the set X admitting the automorphism 7c exists if 
N, =9 (mod 12), N1 >9, and k=6 (mod 12). 
Proof. Consider the following collection of base blocks: 
kN, - 18 
6 -24, ( qL)2) 
N1-9 N1-3 
for r=- ~ 
kN1 - 30 
6 ’ 6 ““’ 12 ’ 
( ( l6 -2,) , (y-r) ) for r=O, 1, . . . ,kNii30, 
(:::&& ),++) ,(‘“) ), 
(OI,(@+r)23((k+lF -9-1)2 j for3r=i 1, . . . ,F, 
(OI,(‘“~~“‘--~)~, ((4k+5,,-21+r)2) for r=O,l,...,y 
(omit if N1 =21), 
(OI,( 7N!l;63-r)2, ((4k+7~~-27+~)2) for r=O, 1, . . . ,J!$$, 
(OI,(~+,)~, ((2k+3)qN,15-r)2) for r=O,l,..., v, 
llN1-27 
12 +r )( 2’ 
(6k+ ll)N, -63 
12 --I )) for r=O, 1 
N,--33 
2 '""12 
(omit if N1 =21), 
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This collection of blocks along with the base blocks for a cyclic STS(N1) on ZN, x { l} 
under the automorphism (0,) 1 1, . . . , (IV, - 1)1) form a complete set of base blocks for 
a bicyclic STS(u) with u= N1 + Nt. 0 
Lemmas 3.6-3.9 combine to give us the following theorem. 
Theorem 3.10. A bicyclic STS(u) where II = N1 + N2 and N2 = kN1 admitting an auto- 
morphism whose disjoint cyclic decomposition is a cycle of length NI and a cycle of length 
N2 exists if N1 E 3 (mod 6), N1 >9, and k=O (mod 6). 
Combining Theorems 3.5 and 3.10 with the previous mentioned results for N, =3 
and N1 = 7 gives us the necessary and sufficient conditions. 
Theorem 3.11. A bicyclic STS(u) where v = N1 + N2 admitting an automorphism whose 
disjoint cyclic decomposition is a cycle of length N,, where N1 > 1, and a cycle of length 
N2 exists ifand only ifN1zl or 3(mod6), Nr#9, N,JN,, and v=N1+Nz=l or 
3 (mod 6). 
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